
Jean-Michel Bony

The mathematical work of
Louis Boutet de Monvel

Memorial conference in honor of Louis Boutet de Monvel

École Normale Supérieure, June 20–24, 2016



. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .



. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

1



Boundary problems for pseudo-differential operatorsBoundary problems for pseudo-differential operators.

2×J. Anal. Math.+Ann. Inst. Fourier+Acta Math. 1971

A =

P +G K

T Q

 :
C∞(Ω, E) C∞(Ω, E′)
⊕ −→ ⊕

C∞(∂Ω, F ) C∞(∂Ω, F ′)

E,E′ : vector bundles on Ω ; F, F ′ on ∂Ω.
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The transmission property.The transmission property. Characterization of P s. t.

f 7−→
(
P f̃

↖ extension by 0 outside Ω

)∣∣∣Ω maps C∞(Ω) into C∞(Ω) .

In coordinates Ω =
{
(x′, xn)

∣∣∣xn > 0
}
,

if the symbol p of P has expansion p(x, ξ) ∼ ∑
k pk(x, ξ)

with pk homogeneous in ξ of degree dk ↘ −∞,

TP ⇐⇒


pk(x,−ξ)− eindk pk(x, ξ) vanishes

to infinite order on
{
xn = 0, ξ′ = 0

}
.

OK for differential operators and parametrices. 3
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T Q

 :
C∞(Ω, E) C∞(Ω, E′)
⊕ −→ ⊕

C∞(∂Ω, F ) C∞(∂Ω, F ′)

Poisson operatorsPoisson operators K: C∞(∂Ω)→ C∞(Ω)

Trace operatorsTrace operators T : C∞(Ω)→ C∞(∂Ω)

— usual ones (restriction of derivatives)

— but also adjoints of Poisson operators. 4
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 :
C∞(Ω, E) C∞(Ω, E′)
⊕ −→ ⊕

C∞(∂Ω, F ) C∞(∂Ω, F ′)

ΨDO on ∂Ω.ΨDO on ∂Ω. Q: C∞(∂Ω)→ C∞(∂Ω)

Singular Green operatorsSingular Green operators G: C∞(Ω)→ C∞(Ω)

Typical example: product KT

infinitely regularizing inside Ω

but not on ∂Ω

General G can be expanded as
∑
KjTj. 5
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Symbolic calculus.Symbolic calculus. For A =

P +G K
T Q


• Interior symbol : the usual symbol of P on T ?Ω,

• Boundary symbol : a matrix (Wiener-Hopf operator)

depending of (x′, ξ′) ∈ T ?∂Ω.
p+ g k

t q

 :
H+ ⊗ E H+ ⊗ E′
⊕ −→ ⊕
F F ′

E,E′, F, F ′
finite dim.
vect. spaces

H+ = Fourier transform of S(R+) =

{h ∈ C∞(R)} s.t. analytic extension in the lower half-plane,
regular pole and → 0 at infinity. 6
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p+ g k

t q

 :
H+ ⊗ E H+ ⊗ E′
⊕ −→ ⊕
F F ′

Poisson operatorsPoisson operators symbol k ∈ H+ ⊗ L(F,E′)

F 3 u 7→ k · u ∈ H+ ⊗ E′.

Full symbol: k(x′, ξ′, ξn) ∈ C∞(Rn−1 × Rn)

depending on ξn as an element of H+

depending on (x′, ξ′) as a classical symbol

Kf(x) = (2π)−n
∫
Rn−1e

ix′·ξ′f̂(ξ′) dξ′
∫
eixnξnk(x′, ξ′, ξn) dξn.
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def
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Symbolic calculusSymbolic calculus OK

Composition, adjoints

Elliptic system
def
⇐⇒ invertible symbol ⇐⇒ ∃ a parametrix

A =
(
P+G K
T Q

)
act on Sobolev spaces of convenient orders.

Elliptic ones have finite index.

The index formulaThe index formula for elliptic A

One can conjugate : B1 ◦A ◦B2 =

P̃ 0
0 Q̃


elliptic of

↑
index 0

↑

Q̃ elliptic on ∂Ω ; P̃ elliptic and = Id near ∂Ω 8
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Ann. Fourier 67 (with P. Krée) + Ann. Fourier 69

Symbol p = formal sum
∑
pk(x, ξ)
↖ hom. in ξ degree m− k

(estimates. . .)

p P ΨDO unique up to a regularizing one
(i.e. analytic functionals → analytic functions)

P maps analytic functionals into hyperfunctions,
preserves local analyticity. Symbolic calculus OK

Formal norm of p

Nσ(p, T ) =
∑
α,β,k

( 2(2n)−kk!

(k+ |α|)!σ(k+ |β|)!

) ∣∣∣∣∂αx∂βξ pk
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LMP 2008 : Formal norms and star-exponentials. 9



Operators with double characteristicsOperators with double characteristics

Invent. 74 & CPAM 74 (w. F. Treves) + CPAM 74 +

Asterisque 76 (w. A. Grigis and B. Helffer).

Given : a ΨDO P of order m with symbol

p(x, ξ) = pm(x, ξ) + pm−1(x, ξ) + . . . s. t. pm vanishes

exactly at order 2 on Σ ⊂ T ∗Rn.



Operators with double characteristicsOperators with double characteristics

Invent. 74 & CPAM 74 (w. F. Treves) + CPAM 74 +

Asterisque 76 (w. A. Grigis and B. Helffer).

Given : a ΨDO P of order m with symbol

p(x, ξ) = pm(x, ξ) + pm−1(x, ξ) + . . . s. t. pm vanishes

exactly at order 2 on Σ ⊂ T ∗Rn.

Case Σ symplectic of codimension 2ν. For (x, ξ) ∈ Σ

Transversal Hessian → operator on N∗Σ (via symplectic

form) → eigenvalues ±iλj, j = 1, . . . , ν.
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Invariant I2(P ) = pm−1 − 1
2i
∑ ∂2pm
∂ξk∂xk

+
∑ν

1 λj

TH: P is hypoelliptic with loss of 1 derivative and has a

parametrix ⇐⇒ ∀α ∈ Nν, ∑j αjλj + I2(P ) 6= 0.
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Invariant I2(P ) = pm−1 − 1
2i
∑ ∂2pm
∂ξk∂xk

+
∑ν

1 λj

TH: P is hypoelliptic with loss of 1 derivative and has a

parametrix ⇐⇒ ∀α ∈ Nν, ∑j αjλj + I2(P ) 6= 0.

A first symbolic calculus.A first symbolic calculus. In local coordinates:

x = (y, t) ∈ Rn−ν × Rν ; Σ defined by t = τ = 0

p ∈ Sm,k ⇐⇒ |p(x, ξ)| ≤ c |ξ|m dkΣ, dΣ =
(
t2 +

τ2

|ξ|2
+

1

|ξ|
)1/2

A factor dΣ lost for each derivative (hom. of degree 0),

but not if it is tangent to Σ.

Good symb. calc. for Op(Sm,k), composition with FIO.

P ∈ Op(Sm,2)

11



A first approximate inverseA first approximate inverse : ∃Q1 ∈ Op(S−m,−2) s.t.

PQ1 = I +R1, R1 ∈ OpH0, H0 =
⋂
S−N/2,−N

fast decay w.r.t. (|ξ| t2+τ2/ |ξ|), regularize only outside Σ.
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A first approximate inverseA first approximate inverse : ∃Q1 ∈ Op(S−m,−2) s.t.

PQ1 = I +R1, R1 ∈ OpH0, H0 =
⋂
S−N/2,−N

fast decay w.r.t. (|ξ| t2+τ2/ |ξ|), regularize only outside Σ.

Hermite operatorsHermite operators

f(y) 7→ Hf(y, t) = (2π)n−ν
∫
eiy·ηh(y, t, η)f̂(η) dη

h: fast decay in |η|1/2 |t| ⇒ Hf smooth for t 6= 0.

Basic Hermite op. Hα of symbol |η|ν/4 hα(|η|1/2 t)

hα : classical Hermite functions of ν variables.

∀R ∈ OpH0, R =
∑
α,β

HαRαβH
?
β

with Rαβ rapidly decreasing sequence of ΨDO on Y . 12



Computation: PHα =
∑
HβQαβ + l.o.t.

(Qαβ) triangular matrix of ΨDO on Y

symbol of Qα,α = I2(P ) +
∑
αjλj



Computation: PHα =
∑
HβQαβ + l.o.t.

(Qαβ) triangular matrix of ΨDO on Y

symbol of Qα,α = I2(P ) +
∑
αjλj

Remember PQ1 = I +R1, R1 ∈ H0

Inverting the matrix solves PQ2 = R1 +R2, R2 ∈ H−1/2,

P (Q1 −Q2) = I+ regularizing

→ bilateral parametrix → hypoellipticity

two remarks 13
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Boundary Cauchy-Riemann.Boundary Cauchy-Riemann. X real hypersurface of Cn,

The ∂b complex on (0, ?)-forms

The Kohn Laplacian �b = ∂b∂
?
b + ∂

?
b∂b

Σ = char(�b) symplectic ⇐⇒ Levi form non degenerate

If the Levi form has signature (q, n− 1− q) at (x, ξ) ∈ Σ

Then �b is microlocally hypoelliptic and ∂b has no

cohomology except in dimension q.

14



Global embeddability of abstract CR-manifoldGlobal embeddability of abstract CR-manifold

Data: X real manifold, dimension 2n−1, and a subbundle

T ′′ ⊂ CTX, dim. n− 1 which mimics ∂b

formally integrable, Levi form.



Global embeddability of abstract CR-manifoldGlobal embeddability of abstract CR-manifold

Data: X real manifold, dimension 2n−1, and a subbundle

T ′′ ⊂ CTX, dim. n− 1 which mimics ∂b

formally integrable, Levi form.

TH.TH. If X is compact, if 2n − 1 > 3 and the Levi form is

positive def. then ∃Y , complex manifold with boundary

∂Y =X s.t. T ′′ = antiholomorphic vectors tangent to X.



Global embeddability of abstract CR-manifoldGlobal embeddability of abstract CR-manifold

Data: X real manifold, dimension 2n−1, and a subbundle

T ′′ ⊂ CTX, dim. n− 1 which mimics ∂b

formally integrable, Levi form.

TH.TH. If X is compact, if 2n − 1 > 3 and the Levi form is

positive def. then ∃Y , complex manifold with boundary

∂Y =X s.t. T ′′ = antiholomorphic vectors tangent to X.

Compact case Local case (M. Kuranishi)

13 pages 196 pages



Global embeddability of abstract CR-manifoldGlobal embeddability of abstract CR-manifold

Data: X real manifold, dimension 2n−1, and a subbundle

T ′′ ⊂ CTX, dim. n− 1 which mimics ∂b

formally integrable, Levi form.

TH.TH. If X is compact, if 2n − 1 > 3 and the Levi form is

positive def. then ∃Y , complex manifold with boundary

∂Y =X s.t. T ′′ = antiholomorphic vectors tangent to X.

Compact case Local case (M. Kuranishi)

13 pages 196 pages

No cohomology in degree 1, except for 2n− 1 = 3 15



Bergman and Szegö kernelsBergman and Szegö kernels

Asterisque 76 (with J. Sjöstrand).

Ω ⊂ Cn strictly pseudoconvex ({z | ρ(z) > 0})

Bergman projector in L2(Ω) on holomorphic functions

Szegö projector in L2(∂Ω) on their traces (ker ∂b)

Phase function Ψ ∈ C∞(Cn × Cn) such that

Ψ(x, x) = 1
iρ(x), Ψ(x, y) = −Ψ(y, x),

∂xΨ and ∂yΨ vanishes of infinite order for y = x.

16



TH.TH. ∃F,G ∈ C∞(Ω×Ω) s.t.

B = F (−iΨ)−n−1 +G log(−iΨ)

B(x, y) =
∫ ∞
0

eitΨ(x,y)b(x, y, t) dt (mod C∞)

b(x, y, t) ∼∑
tn−kbk(x, y) symbol of order n

Analogous results for S(x, y) on ∂Ω× ∂Ω.



TH.TH. ∃F,G ∈ C∞(Ω×Ω) s.t.

B = F (−iΨ)−n−1 +G log(−iΨ)

B(x, y) =
∫ ∞
0

eitΨ(x,y)b(x, y, t) dt (mod C∞)

b(x, y, t) ∼∑
tn−kbk(x, y) symbol of order n

Analogous results for S(x, y) on ∂Ω× ∂Ω.

Microlocal model of Szegö projectorMicrolocal model of Szegö projector L2(Rpx)→ L2(Rp+q
x,y )

H0f(x, y) = (2π)−p
∫
Rp
eix·ξ−|y|

2|ξ|/2
(|ξ|
π

)q/4
f̂(ξ) dξ.

Isometry L2(Rp)↔ L2(Rp+q)∩H, H = ker
{
∂yj + yj |Dx|

}
S0 = H?

0H0 = projector in L2(Rp) on traces of H.
S and S0 can be conjugated microlocally by FIO.

p = n, q = n− 1 17



The logarithmic term.The logarithmic term. B = F (−iΨ)−n−1 +G log(−iΨ)

Not the dominant term, but a local biholomorphic

invariant.



The logarithmic term.The logarithmic term. B = F (−iΨ)−n−1 +G log(−iΨ)

Not the dominant term, but a local biholomorphic

invariant.

TH.TH. (1988) For n = 2, if G vanishes at order 2 on ∂Ω

near z0 ∈ ∂Ω then ∂Ω is locally biholomorphic to a

portion of sphere.

Vanishing at order 1 is not sufficient.

18



Toeplitz operatorsToeplitz operators

Inventiones 79 + Princeton Univ. Pr. 81 (w. V. Guillemin)

Ω strictly pseudoconvex, X = ∂Ω

Σ+ = the half-line bundle over X (a conic symplectic

manifold) = points of T ∗X, characteristic for ∂b

and where ∂b is not hypoelliptic.

DEF. Toeplitz operator of degree m: operator TQ = S Q

where Q is a ΨDO of degree m on X. Szegö projec
↑
tor

TQ maps Hs ∩ ker ∂b into Hs−m ∩ ker ∂b.

19



Main resultsMain results

Toeplitz operators form an algebra of pseudolocal opera-

tors, isomorphic to ΨDO in n real variables.

Principal symbol of TQ = restriction to Σ+ of σm(Q)

Symbolic calculus OK

Elliptic ones (invertible symbol) have a parametrix and

thus a finite index in spaces Hs ∩ ker ∂b

Index formula for elliptic Toeplitz.

20



Quantization of conic symplectic manifoldsQuantization of conic symplectic manifolds

X compact mfold, Σ ⊂ T ∗X closed conic symplectic.

Toeplitz structure: a projector πΣ in L2(X) microlocally

equivalent (via FIO) to the model of Szegö projector.

HΣ = image of πΣ

Toeplitz operator: TQ = πΣQ maps HΣ ∩ C∞ into itself.

Principal symbol: restriction to Σ of that of Q.

Everything extends to this situation.

21



Spectral theorySpectral theory

T : selfadjoint Toeplitz operator of order 1, σ(T ) > 0.

Spectrum: λ1 ≤ λ2 ≤ λ3 . . .→ +∞.

Generating function: E(t) = Tr(eitT) =
∑
eiλjt.



Spectral theorySpectral theory

T : selfadjoint Toeplitz operator of order 1, σ(T ) > 0.

Spectrum: λ1 ≤ λ2 ≤ λ3 . . .→ +∞.

Generating function: E(t) = Tr(eitT) =
∑
eiλjt.

Trace formula E(t) ∼= ∑
γ
Cγ(t−τγ+i0)−1 (mod L1

loc(R+)),

periodic bicharacteristi
↑
cs p

↑
eriod

Cγ =

primitive period↘
τ#
γ

|I − Pγ|1/2

↖Poincaré map (non deg.)

exp
(
i
∫
γ
σsub

)

22



ConsequencesConsequences

• Weyl law:

#
{
j
∣∣∣λj < λ

}
=

vol {p ∈ Σ |σT(p) ≤ 1}
(2π)ν

λν + O(λν−1),
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Assuming same period τ and same integral of subprincipal

symbol



ConsequencesConsequences

• Weyl law:

#
{
j
∣∣∣λj < λ

}
=

vol {p ∈ Σ |σT(p) ≤ 1}
(2π)ν

λν + O(λν−1),

• Concentration of eigenvalues in intervals Im (cf. Colin

de Verdière for ΨDO)

#
{
j
∣∣∣λj ∈ Im} = Pol(m) for m large

←− ∼1/m −→
[ • ]

2πm/τ

Assuming same period τ and same integral of subprincipal

symbol

• Definition of a Hilbert polynomial for a compact sym-

plectic manifold (assuming [ω] ∈ H2(M,Z))
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Given: a morphism f of analytic varieties
a coherent DY -module P , relatively elliptic
a good filtration of P and Z ⊃ char(P )

Yyf
X

Pyf+

f+(P )

image f+(P ) (M. Kashiwara) in der. cat. of DX-modules

f+(P ) is coherent (C. Houzel & P. Schapira)
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image f+(P ) (M. Kashiwara) in der. cat. of DX-modules

f+(P ) is coherent (C. Houzel & P. Schapira)



Relative index formulaRelative index formula
Astérisque 85 + Ann. Sci. ENS (with B. Malgrange)

Given: a morphism f of analytic varieties
a coherent DY -module P , relatively elliptic
a good filtration of P and Z ⊃ char(P )

Yyf
X

P  gr(P )  [P ]an
Z ∈ Kan

Z  [P ]top
Zyf+

yf̃∗
f+(P )  gr(f+(P ))  [f+(P )]an

Z′  [f+(P )]top
Z′

image f+(P ) (M. Kashiwara) in der. cat. of DX-modules

f+(P ) is coherent (C. Houzel & P. Schapira)

Real analogue for almost elliptic systems 24



Asymptotic equivariant index of Toeplitz operatorsAsymptotic equivariant index of Toeplitz operators

Progr.Math. 2011 (w.E.Leichtnam, X.Tang, A.Weinstein)

• Equivariant Toeplitz calculus.

• New proof of the Atiyah-Weinstein conjecture on the

index of FIO.

• Relative index of CR structure.
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Mathematical physicsMathematical physics

Seminar Mathematics and Physics 1979–1982

with A. Douady and J.-L. Verdier

Perturbation of the harmonic oscillator

J. An. Math. 92 (with. Anne B. d.M. and G. Lebeau)

H0 = −∆ +
∑
λjx

2
j ; H = H0 +V ; V (x) ≤ C |x|γ , γ < 1, . . .

• eitH and eitH0 have the same wave front

• Tr(eitH) has its singularities on the periods of H0

e−itH0eitH not a ΨDO but . . .

26
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• Extension of the notion of star-product

to complex Poisson manifolds

Case of pseudodifferential or Toeplitz algebra.

• Classification of star-algebras, diff-algebras and

pseudodiff-algebras.

Simple for dim(X) ≥ 3, more surprizing for dim = 1 or 2.



Deformation QuantizationDeformation Quantization

Math. Phys. Anal. Geom. 99 + Lett. Math. Phys. 2009

• Extension of the notion of star-product

to complex Poisson manifolds

Case of pseudodifferential or Toeplitz algebra.

• Classification of star-algebras, diff-algebras and

pseudodiff-algebras.

Simple for dim(X) ≥ 3, more surprizing for dim = 1 or 2.

• star-products of a given degree of homogeneity k

k ≥ 3→ trivial ; k = 2→ Moyal product;

k = 1→ a Lie algebra structure on the dual. 27
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Residual trace of Toeplitz or pseudodi↵erential projectors
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Vanishing theorem

Let E denote the Toeplitz algebra (mod C1) of a contact
manifold, or the  DOalgebra (which is a special case when the
base manifold is a cotangent sphere).4

Our main result is

Theorem
If P is any projector with coe�cients in E , of degree 0, then its
residual trace is 0.

In other words the residual index of its range vanishes.

4 recall [4],[10], that the Toeplitz algebra mod C1 is uniquely defined, up
to non unique isomorphism.

L. Boutet de Monvel

Residual trace of Toeplitz or pseudodi↵erential projectors



When to the sessions of sweet silent thought
I summon up remembrance of things past,
I sigh the lack of many a thing I sought,
And with old woes new wail my dear time’s waste:
Then can I drown an eye, unused to flow,
For precious friends hid in death’s dateless night

W. Shakespeare


